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Multiphoton pair production is investigated by focusing on the momentum structures of produced
pairs in the polarization plane for the two circularly polarized fields. Upon the momentum spectra,
different from the concentric rings with the familiar Ramsey interference fringes for the same hand-
edness, however, the obvious vortex structures are found constituted by the Archimedean spirals
for two opposite handedness fields. The underlying physical reasons are analyzed and discussed.
It is also found that the vortex patterns are sensitive to the relative carrier envelope phase, the
time delay, and the handedness of two fields, which can be used to detect the applied laser field
characteristics as a probe way.
PACS numbers: 12.20.Ds, 11.15.Tk
Introduction.-An unstable vacuum in the presence of
strong fields can decay into electron-positron pairs [1–4].
For pair production two different mechanisms have been
identified as the nonperturbative Schwinger mechanism
corresponding to γ  1 and the perturbative multipho-
ton pair production having γ  1, respectively. Here
γ = mω/eE0 is the well-known Keldysh adiabaticity pa-
rameter [5], where m and −e is the electron mass and
charge, ω and E0 are the frequency and strength of ex-
ternal electric fields, respectively. The multiphoton pair
production resulting from the nonlinear Breit-Wheeler
process [6, 7] after a nonlinear Compton scattering [8] has
been accomplished experimentally more than a decade
ago at the Stanford Linear Accelerator Center via the
collisions of a 46.6 GeV electron beam with an intense
optical laser pulse [9]. However, due to the participation
of electron, the above multiphoton pair production does
not occur only in a laser field. Therefore, multiphoton
pair production from a vacuum in a pure laser field is
being explored [10–15].
It is well known that there exist an intimate relation
between the pair production and the study on atomic
ionization. Recently, it has been found that the pho-
toelectron momentum distributions in the polarization
plane present vortex patterns in the multiphoton ioniza-
tion with two counter-rotating fields [16, 17]. This inter-
esting finding inspires one to thought whether there exist
similar phenomena, i. e., do the vortices also exist in the
momentum spectra of created electron-positron pairs in
multiphoton regime for two counter-rotating circularly
polarized electric fields? For the vortices, we know that
they are quite general phenomena in nature, especially
in fluid, and are widely studied in different physics areas,
∗Corresponding author. bsxie@bnu.edu.cn
such as type-II superconductors [18], atomic condensates
[19], atomic and molecular ionization [20], nonlinear op-
tics [21], plasmas [22, 23] and so on. On the other hand
the study associated to vortices has attracted more and
more attention of the researcher since the formation of
vortices often implies many deeper physical mechanisms
behind the studied problems [18, 23–25].
In this letter, by numerically solving the real-time
Dirac-Heisenberg-Wigner formalism [26, 27], we study
the momentum signatures in multiphoton pair produc-
tion for two circularly polarized electric fields with a time
delay, and find that indeed there exist also the vortex
structures in the momentum spectra of created electron-
positron pairs for two counter-rotating fields. We further
explore the formation reason of vortex patterns, which is
significantly different from that in atomic ionization, and
uncover more important signatures of pair production in
circularly polarized fields. Especially the obtained infor-
mation of momenta spectra can be used to detect the
fields characteristics as a probe way.
Theoretical formalism.-The external field we focused
on is a spatially homogeneous and time-dependent elec-
tric field which is composed of two circularly polarized
electric fields as
E(t)=E1 exp
(
− t22τ2
) cos(ωt+ φ1)δ1 sin(ωt+ φ1)
0

+E2 exp
(
− (t−T )22τ2
) cos (ω(t− T ) + φ2)δ2 sin (ω(t− T ) + φ2)
0
 ,(1)
where E1,2 = E0/
√
1 + δ21,2 are the amplitudes of the
electric field, δ1,2 = ±1 are the circular polarizations,
τ denotes the pulse duration, ω represent the field fre-
quency, φ1,2 are the carrier envelope phases (CEPs), and
T is the time delay between these two circularly polar-
ized fields. For the convenience of calculation, we set
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2E0 = 0.1
√
2Ecr, ω = 0.6m, τ = 10/m, and φ1 = 0
throughout this paper unless otherwise stated. Here
Ecr = m
2/e ∼ 1.32 × 1016V/cm is Schwinger critical
field strength, e is the magnitude of electron charge (the
units h¯ = c = 1 are used).
We use the same method as in Ref. [28], then the one-
particle distribution function f(q, t) can be obtained by
solving
f˙ =
eE · v
2Ω
,
v˙ =
2
Ω3
[(eE · p)p− eEΩ2](f − 1)
− (eE · v)p
Ω2
− 2p× a− 2mt, (2)
a˙ = −2p× v,
t˙ =
2
m
[m2v − (p · v)p],
with the initial conditions: f(q,−∞) = 0,v(q,−∞) =
a(q,−∞) = t(q,−∞) = 0. Here v(q, t) is an auxil-
iary quantity, a(q, t) and t(q, t) are the Wigner compo-
nents, Ω(q, t) =
√
m2 + [q− eA(t)]2 is the total energy
of electrons, q denotes the canonical momentum, A(t)
is the vector potential of the electric field E(t), p(t) is
the kinetic momentum and has p(t) = q− eA(t). More-
over, we can also get the number density of created pairs
n(+∞) by integrating the distribution function over full
momenta at t→ +∞, i.e.,
n(+∞) =
∫
d3q
(2pi)3
f(q,+∞). (3)
Numerical results and analysis.-By solving Eqs. (2),
we first calculate the momentum spectra of created
electron-positron pairs for a single left-handed circularly
polarized electric field and two left-handed circularly po-
larized (LLCP) ones, see Fig. 2. From Fig. 2(a), one can
see that there is an obvious ring structure with a weak
interference effect along negative qy at qx = 0 in the mo-
mentum spectrum. This pattern has been pointed out in
Ref. [12] and further studied in Ref. [14]. It is known
that the ring is caused by 4-photon pair production and
its radius can be determined by the energy conservation
equation after considering the effective mass. Further-
more, the weak interference effect can be understood
from the interference between different turning points tp
in the complex time plane which are obtained by solv-
ing Ω(q, tp) = 0 for a certain q. In fact, this interfer-
ence patten in Fig. 2(a) is caused by the interference
between the dominant tuning points (tp closest to the
real time axis) and the other ones (mainly the subdom-
inant ones), see Fig. 7 in Ref. [28]. As the number of
cycles within the pulse duration increases, more turning
points will become closer to the real time axis and reach
the same distance to the real time axis as the dominant
ones. Consequently, the interference between these turn-
ing points makes the interference pattern in momentum
LeftRight
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FIG. 1: (color online) Sketch of the electric field (1). The
first pulse (right ellipse) is a left-handed circularly polarized
electric field (δ1 = 1) and the second one (left ellipse) is a
right-handed circularly polarized field (δ2 = −1) delayed in
time by T . (x, y) plane is the polarization plane.
spectrum become more obvious. This can be seen from
the third pattern of Fig. 2 in Ref. [14]. For the LLCP
electric field with the time delay T , the momentum spec-
trum of created pairs is shown in Fig. 2(b). It is found
that there are many concentric rings and the interfer-
ence effect is very obvious. Actually, this pattern is the
Ramsey interference fringes which are formed by the in-
terference between two pairs of dominant turning points
near t = 0 and t = T corresponding to each pulse of
the two left-handed fields. This interference effect is a
bit different from that for a single left-handed circularly
polarized pulse, because it is caused by the dominant
turning points from two pulses rather than one. This re-
sult can be explained semiquantitatively by the Wentzel-
Kramers-Brillouin (WKB) like approximation employed
in Refs. [28, 29] as follows.
Because electron-positron pairs are mainly produced at
the maximum of electric field, i.e., at t = 0 and t = T for
the LLCP electric field, so the two pairs of turning points
near t = 0 and t = T dominate pair creation process.
This is similar to the case studied in Refs. [30, 31] for two
alternating-sign pulses. Each pair of turning points t±p
has a contribution of exp[−2ϑs(q, t+p )] to pair production,
where ϑs(q, t
+
p ) = −Im[Ks(q, t+p )], Ks(q, t) = K0(q, t)−
sKxy(q, t), K0(q, t) = 2
∫ t
−∞Ω(q, t
′)dt′, Kxy(q, t) =
⊥
∫ t
−∞
p˙x(t
′)py(t′)−p˙y(t′)px(t′)
Ω(q,t′)[p2x(t′)+p2y(t′)]
dt′, s = ±1 denotes the elec-
tron spin, s = 0 represents the scalar particle, and
⊥ =
√
q2z +m
2. It is known that for a certain q the
amplitude of pair production for the first circularly po-
larized electric field is A1 = exp[−iKs(q, t+0 )] and the
amplitude for the second one is A2 = exp[−iKs(q, t+T )],
where t0 and tT denote the turning points near t = 0 and
t = T . Therefore, we can get the momentum distribution
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FIG. 2: (color online) Momentum spectra of created electron-
positron pairs for different electric fields. (a) for a single left-
handed circularly polarized pulse, i.e., δ1 = 1 and E2 = 0.
(b) and (c) for two left-handed circularly polarized fields with
the time delay T = 100/m, and E2 = E1 = 0.1Ecr, δ2 =
δ1 = 1, φ2 = φ1 = 0. (a) and (b) are the momentum spectra
in the polarization plane for qz = 0. (c) is the momentum
distribution for qy = qz = 0.
function
f(q) =
∑
s=±
|A1 +A2|2
=
∑
s=±
∣∣∣e−iKs(q,t+0 ) + e−iKs(q,t+T )∣∣∣2. (4)
Since the two circularly polarized electric fields have the
same profile, the distance of the turning points tT to the
real time axis is the same as that of turning points t0.
Thus, for a large time delay T , the amplitude of pair cre-
ation for the second pulse becomes A2 = exp[iθs(q)]A1,
where θs(q) is a phase accumulated between the two
pulses and θs(q) = Re[Ks(q, t
+
T )−Ks(q, t+0 )]. Then Eq.
(4) becomes
f(q) =
∑
s=±
|A1 + eiθs(q)A1|2
=
∑
s=±
2(1 + cos[θs(q)])e
−2ϑs(q,t+0 )
∝ {1 + cos[θ0(q)]}e−2ϑ0(q,t+0 ). (5)
In general, the exact analytical solution of turning points
for the electric field (1) can not be obtained, for exam-
ple the field we considered here. But we can still explain
the interference effect in Fig. 2(b) under a reasonable ap-
proximation. As the time delay T >> τ , the electric field
and vector potential are very small between t = 0 and
t = T , so we can get θ0(q) ≈ 2
√
q2 +m2T . Then from
Eq. (5), one can determine the positions of the Ramsey
fringes in Fig. 2(b) as |q| = √(2kpi/2T )2 −m2, k is an
integer. For simplicity, we consider the one-dimensional
case by choosing qy = qz = 0, so we have
qevax =
√(kpi
T
)2
−m2. (6)
The one-dimensional momentum spectrum is shown in
Fig. 2(c) and the positions of the 11 peaks are shown in
Tab. I. From Tab. I, one can see that the evaluate result
is in good agreement with the numerical one. The small
difference between them is mainly caused by the electron
spin and the electric field profile (1).
Here we consider the momentum spectra of created
electron-positron pairs for the electric field composed of
a left-handed (right-handed) circularly polarized electric
field and a right-handed (left-handed) circularly polar-
ized one with a time delay T . For convenience, this field
is abbreviated as LRCP (RLCP) electric field. Figure
3(a) and (b) shows the momentum spectra of created par-
ticles in the polarization plane for a LRCP electric field
with T = 0. From Eq. (1), one can find that when the
time delay T = 0, the LRCP electric field is simplified
to a linearly polarized electric field. So it can be seen
that there is no ring structure in the momentum spec-
tra. Moreover, by studying the effect of the relative CEP
∆φ = φ2 − φ1 on the momentum distribution of created
particles, it is found that the momentum distribution in
the polarization plane rotates ∆φ/2 = pi/4 clockwise.
This is because the polarized axis has a clockwise rota-
tion pi/4 for the LRCP field with φ2 = pi/2 compared to
the one with φ2 = 0. Further study indicates that the
rotation angle of momentum distribution created in the
electric field (1) is not only related to the relative CEP
but also associated with the handedness of the second
circularly polarized field, namely, δ2∆φ/2. From this,
one can see that the momentum distribution will rotate
|∆φ/2| clockwise for δ2∆φ/2 < 0 and counterclockwise
for δ2∆φ/2 > 0. Furthermore, we also find that the rel-
ative CEP generally rotates the momentum distribution
but has little effect on the number density of created
particles. These interesting results still need a further
research in the future.
The momentum spectra of created pairs for a LRCP
electric field with T = 100/m and a RLCP one are
shown in Fig. 3(c) and (d), respectively. Both figures
exhibit a clearly visible vortex structure with approx-
imate c8 symmetry. We call the vortex whose inter-
ference fringes rotate counterclockwise (clockwise) from
inside to outside as counterclockwise (clockwise) vor-
tex. Therefore, (c) shows a counterclockwise vortex
and (d) is a clockwise vortex. By the study of pair
production in the LLCP electric field, we have known
that the amplitude of pair production for the first elec-
tric field is A1 = exp[−iKs(q, t+0 )] and the amplitude
for the second one is A2 = exp[−iKs(q, t+T )]. To ex-
plain the formation of vortex structures in momentum
4TABLE I: Comparison of qx and qeva corresponding to the 11 peaks in Fig. 2(c). qx is the numerical result, and q
eva
x is the
evaluate result of Eq. (6) for k = 33, 34, ..., 43.
i 1 2 3 4 5 6 7 8 9 10 11
qx 0.26157 0.36759 0.45361 0.52463 0.58865 0.64766 0.70368 0.75569 0.80670 0.85571 0.90373
qevax 0.27350 0.37540 0.45719 0.52830 0.59258 0.65205 0.70793 0.76101 0.81184 0.86081 0.90823
qevax − qx 0.01193 0.00781 0.00358 0.00370 0.00393 0.00439 0.00425 0.00532 0.00514 0.00510 0.00450
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FIG. 3: (color online) Momentum spectra of created electron-
positron pairs in the (qx, qy) plane (where qz = 0). (a) for
a LRCP electric field (δ1 = 1 and δ2 = −1) with T = 0
and φ2 = 0. (b) for a LRCP electric field with T = 0 and
φ2 = pi/2; (c) for a LRCP electric field with T = 100/m
and φ2 = pi/2. (d) for a RLCP electric field (δ1 = −1 and
δ2 = 1) with T = 100/m and φ2 = pi/2. Other electric field
parameters are E2 = E1 = 0.1Ecr.
spectra, however, it is convenient to express the am-
plitude of pair production in the spherical coordinates
(q, θ, ϕ), because the amplitude in spherical coordinates
may give a phase factor that is able to reveal well the ro-
tation characteristics of a circularly polarized field. Ac-
tually, the amplitude A1 in spherical coordinates can
be assumed as A1 ≈ exp(i`δ1ϕ)A0(q, θ, ϕ), where ϕ is
the azimuthal angle and ` denotes the number of pho-
tons absorbed in multiphoton pair production. Based
on the consideration of pair production in the LLCP
electric field, similarly, the amplitude of pair produc-
tion for the second circularly polarized field becomes
A2 ≈ exp(i`δ2ϕ) exp[iθ0(q, θ, ϕ)]A0(q, θ, ϕ). Finally, ac-
cording to Eqs. (4) and (5), the momentum distribution
in the polarization plane is
f(q, ϕ) ∝ {1+cos[θ0(q, ϕ)+(δ2−δ1)`ϕ]}|A0(q, ϕ)|2, (7)
where the polar angle θ is fixed as pi/2, i.e., qz = 0, and
θ0(q, ϕ) ≈ 2
√
q2 +m2T for T  τ . From Eq. (7), we
can determine the interference fringes by
qmaxk′ (ϕ) =
√[2k′pi − (δ2 − δ1)`ϕ
2T
]2
−m2, (8)
where k′ is an integer and ensures qmaxk′ (ϕ) is a real
number. One can see that the above equation defines
Archimedean spirals with 2`-start spiral in the polariza-
tion plane. For a LRCP electric field (δ1 = −δ2 = 1),
equation (8) shows a counterclockwise vortex by choosing
k′ < 0, while for a RLCP electric field (δ1 = −δ2 = −1),
it gives a clockwise vortex by choosing k′ > 0. Since
Fig. 3(c) and (d) are the momentum spectra for the pair
production by absorbing 4 photons, each of them shows
an eight-start spiral vortex pattern. Moreover, it can
also be found that for a LLCP or RRCP electric field
(δ1 = δ2 = ±1), the factor in the curly braces of Eq.
(7) is reduced to the one in the curly braces of Eq. (5)
and there are no vortex patterns in the momentum spec-
tra. These results indicate that the formation of vortex
structures is caused by the difference of quantum phase
factors between the left-handed circularly polarized elec-
tric field and the right-handed one. In fact, the occur-
rence of phase factor in the amplitude of pair production
can be understood physically. It is known that a circu-
larly polarized field has a spin angular momentum ±1,
so each photon will carry a spin angular momentum ±1
[32]. Based on the conservation of angular momentum,
the absorbtion of each photon can contribute a phase fac-
tor exp(iδ0φ) to the amplitude of pair production. Here
δ0 = ±1 denotes the polarization value of a circularly
polarized field. Therefore, the phase factor in the ampli-
tude of pair production becomes exp(i`δ0ϕ) for `-photon
pair production. Figure 3(c) and (d) correspond to 4-
photon pair production, so we have ` = 4 and the phase
factor is exp(4iδ0ϕ) for each circularly polarized field.
This causes an eight-start spiral vortex patterns in the
momentum spectra. Correspondingly, according to the
spirals number of the vortices, one can also determine
the number of photons absorbed in pair production.
In addition, we also investigate the effects of the time
delay T on the vortex structures in the momentum spec-
tra and show the results in Fig. 4. One can clearly see
that the Archimedean spirals become longer and more
slender with the absolute value of T increases. This phe-
nomenon can be explained by Eq. (8). We rewrite this
equation as ϕ(q) =
(
2k′pi − 2
√
q2 +m2T
)
/(δ2 − δ1)`.
Then the absolute value of the derivative of the above
equation with respect to q is |dϕ(q)/dq| = |2T/(δ2 −
δ1)`| · (q/
√
q2 +m2). This indicates that the increase of
ϕ with q becomes more rapid for a large |T | than a small
one. It is also found that the vortices shown in Fig. 4
5are distributed approximately in the same scope of q, i.e.,
qin ∼ qout, because the momentum q is also constrained
by the energy conservation equation 2
√
q2 +m2 ≈ `ω.
So the corresponding increment of ϕ for a large |T | is
greater than that for a small one. Finally, one can find
that the length of the spirals increases with the time de-
lay. Furthermore, the elongation of spirals makes vor-
tex structures denser and the width of spirals become
narrow. By calculating the number density of created
electron-positron pairs in the polarization plane with Eq.
(3), we also explore the effect of the time delay on the
particle number density, and find that when the two cir-
cularly polarized electric fields with different handedness
are well separate, for example, T ≥ 5τ , the particle num-
ber density will remain constant as the time delay in-
creases. This result suggests that for each spiral of the
vortex, the time delay can increase its length and reduce
its width but does not change its particle number density.
Conclusions and discusses.-In summary, in this letter,
we investigate the pair production in a time-varying elec-
tric field composed of two circularly polarized electric
fields with a time delay. It is found that for a LLCP or
RRCP electric field with nonzero time delay, the momen-
tum spectra exhibit concentric rings, while for a LRCP
or RLCP electric field, the momentum spectra show ob-
vious vortex patterns. By means of the WKB like ap-
proximation, we analyze these results semiquantitatively.
The analysis show that the ring structures are the Ram-
sey interference fringes which are caused by the interfer-
ence effect between two turning points corresponding to
each circularly polarized field. And the vortex patterns
are mainly caused by the different handedness of these
two circularly polarized fields. Physically, the formation
reason of vortex structures in the momentum spectra is
that the photons absorbed in multiphoton pair produc-
tion carry different spin angular momentum for circularly
polarized fields with different handedness. We also study
the effects of the relative CEP, the time delay, and the
handedness on the vortices in the momentum spectra.
It shows that the relative CEP ∆φ can rotate the mo-
mentum distribution |∆φ/2| and its rotation direction
depends on the polarization value of the second circu-
larly polarized field. However, it has little effect on the
number density of created particles. The time delay in a
LRCP or RLCP electric field can change the length and
width of vortex spirals, but it will not affect the particle
number density when the two circularly polarized elec-
tric fields are well separate. The different handedness of
these two circularly polarized fields determine the rota-
tion direction of the vortices. By the way, it also finds
that the radial width of vortex patterns, ∆q = qout− qin,
decreases with the pulse duration of laser field.
Based on these results, it is possible to use the infor-
mation of created momentum spectra as a probe way to
determine the parameters of the fields such as the CEP,
the handedness and the pulse duration. In particular,
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FIG. 4: (color online) Momentum spectra of created particles
in the polarization plane (where qz = 0) for a LRCP electric
field with different time delays. (a) for T = 30/m, (b) for
T = 50/m, (c) for T = 80/m, and (d) for T = 150/m. Other
electric field parameters are E2 = E1 = 0.1Ecr and φ2 = pi/2.
according to Eq. (8), the time delay between two elec-
tric fields can be evaluated by analyzing the vortex struc-
tures. Certainly beside that the present study deepen the
understanding of pair production in circularly polarized
fields, moreover, some questions worthy of further inves-
tigation are opened. For example, the complete quantita-
tive interpretation of the formation of vortex structures
in momentum spectra, the deep understanding of the ef-
fect of the relative CEP between two fields on pair pro-
duction, the effect of two counter-rotating elliptic polar-
ization fields, the possibility of the existence of odd-start
spiral vortex patterns and so on.
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